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We construct exact nonstatic nonhomogeneous spherically symmetric solutions in the theory of 
. gravity with a scalar field possessing the exponential potential. The solution of particular interest 

' corresponds to the scalar field with negative kinetic energy, i.e. a ghost, and represents two asymp- 

' totically homogeneous spatially fiat universes connected by a throat. We interpret this solution as a 

wormhole in cosmological setting. Both the universes and the wormhole throat are simultaneously 
^ ' expanding with acceleration. The character of expansion qualitatively depends on the wormhole's 

O ' mass m. For m = Q the expansion goes exponentially, so that the corresponding spacetime config- 

, uration represents two de Sitter universes joining by the throat. For m > the expansion has the 

power character, so that one has the inflating wormhole connecting two homogeneous spatially fiat 
universes expanding according to the power law into the final singularity. 

The stability analysis of the non-static wormholes reveals their instability against linear spherically 
symmetric perturbations. 

qH^ PACS numbers: 04.20.Jb 98.80.Cq 04.70.Bw 
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I. INTRODUCTION 

Wormholes are usually defined as topological handles in spacetime linking widely separated regions of a 



Wormholes are usually aenned. as topological hanales m spacetime linking widely separated regions or a 
single universe, or "bridges" joining two different spacetimes [H, [1] . As is well-known Q, they can exist only 
if their throats contain an exotic matter which possesses a negative pressure and violates the null energy 
condition. The known classical forms of matter do satisfy the usual energy conditions, hence wormholes 
should belong to the realm of "unusual" physics. The search of realistic physical models providing the 
' wormhole existence represents an important direction in wormhole physics. Various models of such kind 

, have been considered in the literature, among them scalar fields [j, 0) 0; wormhole solutions in semi- 

classical gravity solutions in Brans-Dicke theory 's'l; wormholes on the brane [§1; wormholes supported 
by matter with an exotic equation of state, namely, phantom energy [IQ] , the generalized Chaplygin gas [Tl| . 
^ ■ tachyon matter etc |l3l.[T3|. 

I Recent achievements in observational astrophysics let us to look at wormholes with the new point of view. 

The observed acceleration of the universe means (at least, in the framework of general relativity) that it is 
mainly filled by a hypothetical dark energy: the exotic matter with a positive energy density p > and a 
negative pressure p = wp with w < —1/3. The most exotic form of dark energy is a phantom energy with 
w < —1 [l^, for which the null energy condition is violated. It is worth to note that values w < —1 not only 
are not excluded but even are favored by recent observations [iGj . 

The phantom energy, if exists, can be an appropriate material to support wormholes. As a simple model 
for phantom energy ones consider classical scalar fields with the negative kinetic energy called ghost or 
phantom scalar fields.^ Such the fields can play an important role in cosmology providing the mechanism of 
the universe acceleration, also they are able to provide the wormhole existence. Yet in 1973 Ellis /k] and, 
independently, Bronnikov ^ found static spherically symmetric solutions describin g w ormholes supported 
by the scalar field with the negative kinetic energy. Subsequent investigations p^. Il9l| revealed that such 
solutions are stable against small (linear) perturbations. The stability of static wormholes with ghost fields 
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^ The words "ghost" and "phantom" are often used on equal footing in papers on gravitation and cosmology. However, it is 
more correct to distinguish between "phantoms" as "normal" fields possessing an effective equation of state with w < —1 
and "ghosts" as fields with negative kinetic term. (See a discussion in [l^) 
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seems to be surprising for two reasons, at least. First, different instabilities arise at boundary surfaces dividing 
ghost and normal field behavior which generally transform these surfaces into singular ones (20| . Second, 
serious problems with ghost fields appear at the quantum level. Actually, the negative kinetic term leads 
to the possibility that the energy density may become arbitrarily negative for high frequency oscillations. 
From the quantum field theory point of view this means the possibility of generating an unlimited amount of 
particles and antiparticles of usual positive energy matter fields, accompanied by production of equal amount 
of particles and antiparticles of a negative energy ghost field, i.e. the catastrophic quantum instability of 
the vacuum (2l| . The above arguments let one suppose that the stability of static spherically symmetric 
wormholes supported by ghost fields is not a general fact. 

In this paper we construct and investigate nonstatic spherically symmetric wormholes in the theory of 
gravity with a ghost scalar field. Such the wormhole represents a throat connecting two universes expanding 
with an acceleration; the wormhole itself is evolving together with the expanding universes. The stability 
analysis shows that these solutions turn out to be unstable against linear spherically symmetric perturbations. 

The paper is organized as follows. In the section |TT] we write down field equations of the theory of gravity 
with a scalar field and briefiy consider general properties of static spherically symmetric wormholes. In the 
section IIIII we describe the procedure for generating new non-static solutions being conformally equivalent 
to "old" static ones. New non-static solutions are analyzed in the section [TVl It is shown that the solutions 
corresponding to the scalar field with negative kinetic energy represent two asymptotically homogeneous 
spatially fiat universes connected by a throat, i.e. wormholes in cosmological setting. In the section IVl we 
study a stability of non-static wormholes and show that they turn out to be unstable against linear spherically 
symmetric perturbations. The section IVll summarizes the results obtained. The appendix contains some 
details of derivation of static spherically symmetric solutions in the theory of gravity with the massless scalar 
field minimally coupled to the gravitation field. 

II. FIELD EQUATIONS AND STATIC SPHERICALLY SYMMETRIC SOLUTIONS 

Consider the theory of gravity with a real scalar field (j) described by the action 

S= I d^x^[R-eg^''<i>^^<j>^,-2Vm, (1) 



where g^i^ is a metric, g = det{g^v)^ R is the scalar curvature, and V{<j)) is a potential. The value e = -1-1 
corresponds to an ordinary scalar field with positive kinetic energy, and e = — 1 to a phantom field, i.e., the 
scalar field with negative kinetic energy. 

Varying the action ([1]) with respect to g^^ and (j) yields Einstein equations and the equation of motion of 
the scalar field, respectively: 

Rfiv = £0,^0,1/ + (2a) 
eV"V„0 = V^, (2b) 

where = dV{(l))/d(f>. 

The static spherically symmetric solution to the Einstein-scalar equations ^ with V{4>) = was first 
found by Fisher 1221 and then was repeatedly rediscovered and discussed in the literature with various points 
of view ll9U23l . [2^ . [25l [26l \2T\ . Below we focus our attention on two general results given by Ellis Q 
and Bronnikov [al. 



1. Ellis solution 

In 1973 Ellis 4] exhibited the one-parameter family of general static spherically solutions divided into 
three qualitatively different classes. His result can be reproduced in the following form:^ 



^ For completeness sake we present details of derivation in the appendix. 
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Class I. A > -1/2. 



2m\^ , T f ^ 2'm\ ^ , o ( . 2m^ ^ ^ 



d.^ = - ( 1 - ^ Wt^ + 1 - ^ dr'+il--^] r-dn\ (3a) 



(r) =5|A|i/2 ln(^l 



2m 
Sr 



where 5 = {1 + 2X)-^/^. 
Class II. A = -1/2. 



Class III. A < -1/2. 



2m|A|i/2 



(3b) 



ds^ = -e-^"'/''df + e2™/'^[rfr2 + r^dn% (4a) 
0(r) = -\/2-. (4b) 



arctan j , (5b) 



''o V 2, 

where ro = 77i|l + 2A|^/^, and u{r) — ^ ^arctan ^ — ^ 

Above, A and m are two arbitrary parameters of integration, and d^^^ = dO^ + sin^ Odip'^ is the Hnear 
element on a unit sphere. It is worth to note that for all three cases the expression for (j) can be represented 
in the unified form: 

0(r) = |A|i/2in|g,,|. (6) 

Note also that \gtt\ = 1 — 2m/r + 0(r^^) in the limit r 00, hence m plays a role of the asymptotical mass 
for a distant observer located at r = 00. We will assume that m > 0. 



2. Bronnikov solution 



In 1973 Bronnikov independently represented another form for the general static spherically symmetric 
solution of the Einstein-scalar equations with V{4)) = 0. He used the so-called harmonic radial coordinate 
p such that the general static spherically symmetric metric 

satisfies the special coordinate condition (the harmonic gauge) 

a = 2/3 + 7. (8) 

In general, the Bronnikov solution reads 



ds 



sinh^(Kp) 
(t)ip) ^^/2\k^ -m^^''^ p. 



n^dp" 



sinh (kp) 



d9f 



(9a) 
(9b) 



where = m?{l -\- 2A). One may easily check that the relation (j9bp for (f) has the form ([6]). In case = 
(A — —1/2) the metric (|9al) reads 



ds' 



and in case < (A < —1/2), 



^ -e^'^Pdt^ 



-2inp 



2 -2mp 



dp-" 



dn^ 



sin'(|K|p) 



\K\^dp^ 



sin 



dn' 



(10) 



(11) 



From the relation (|9b|l one can see that ip ^ p, i.e. the scalar field, in fact, plays the role of the harmonic 
coordinate. Comparing the formula (j9bp with (I3b[) . (j4bp . and (|5b|) one may find the connection between 
coordinates p and r. 
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III. GENERATING NEW NON-STATIC SOLUTION 

Now let us consider the theory ([1]) with the scalar potential ¥{(/)) in the LiouviUe, i.e. exponential form 

V{cP) = Voe-'"^. (12) 

Note that the exponential potential has been considered in numerous papers devoted to cosmological models 
with scalar fields (see, for instance, [H, [2^ [131 )■ It arises as an effective potential in some supergr avity 
theories or in Kaluza-Klein theories after dimensional reduction to an effective four-dimensional theory [2^ . 
The exponential potential also arises in higher-order gravity theories after a transformation to the Einstein 
frame l29|]. 

The field equations Q now yield 

R,.u = £0.^.0,^ + gt^.Voe-'"!', (13a) 
eV"Vc.0 = -/cVoe"'^'^, (13b) 

In 1995 Fonarev [3l| developed the procedure of generating new non-static solutions of the system p^. It 
was based on the assumption that a non-static solution is conformally equivalent to a static vacuum one. 
As a result Fonarev constructed the non-static solution being conformally equivalent to the Class I static 
solution ([3]). Later, in (3^ the new non-static solution being conformally equivalent to the Class ///static 
solution ^ was obtained and analyzed. Now we will present the most general result which can be expressed 
as the following. . . 

Statement: Let ds^ and <j>{r) be a linear element and a scalar field which form a static spherically symmetric 
solution of Einstein-scalar equations (fTS]) with Vq = 0, then 

0(i,r) =0(r) + |^ln|at|, (14b) 

form a non-static solution of ^ with Vq = 2c7'^X{6X - 1)/(1 - 2\f and k = jAj^^/^ provided A 7^ 1/2, and 

ds2 = e2'"*ds^ (15a) 
0(i,r) =^(r) + y, (15b) 

form a non-static solution of (fT3|) with Vb = (t^/2 and k = \/2 provided A = 1/2, where u is a free parameter. 

Proof. Let g^^, and 4> be the 'old' static solutions of Einstein-scalar equations (fT3|) with Vq = 0. Consider 
the conformal transformation of the metric 

g^, = e2^(*)5M,, (16) 

and suppose that at the same time the scalar field transforms as follows 

cf, = ^ + jfi{t), (17) 

where /i(t) is a new indefinite function of and 7 is a constant. Using the corresponding transformational 
properties of the Ricci tensor: 



^00 — ^00 — 3/i, 

Roi = Roi + fidi\n{goo), (18) 
R^J = % - (/i -I- 2/i2)g,j.gO", 

and taking into account that g^i, and (f> satisfy the Einstein equations 

Rfj^i' = ^4',fi(t>.i^, (19) 

it is easy to check that the metric tensor (fT6|) and the scalar field p?]) satisfy the field equations provided 
the function /z(t) obeys the following two equations: 

1 — 2A 

/i -I- A' = 0, (20) 
/^' = -T^^o^^'''^'^"' (21) 
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and 

7-6|A|-i/2, fc=|A|-i/2. (22) 
In case A ^ 1/2 these equations are compatible and have the solution 

2A 

mW = Y^lnk(i-io)| (23) 

if and only if 

2cr2A(6A- 1) 
(1-2A)2 

where a and to are free parameters. Analogously, in case A = 1/2 the solution reads 

n{t) = 2a{t-to), (25) 

and 

Vo = crV2- (26) 

Now taking into account Eqs. p^ . (fTT]) and making the rescaling t ^ t + to we arrive at p4|) if A 7^ 1/2, 
and at US]) if A = 1/2. 

To complete the proof we consider the scalar field equation (j2bp . Substituting the expression p7|) into 
(j2bp and taking into account that satisfies the equation V"Vq,0 = we find 

e-fA^^e~^^ ifl + 2fi^) = kVoe-'^'^'f'+^^'l (27) 

As is easy to check straightforwardly, this equation is vahd for cj) — |A|^/^ In \gtt\ and /x(t), 7, fc, and Vo given 
by the relations (|22ll26p .^ 



IV. WORMHOLES IN COSMOLOGICAL SETTING 



Now let us analyze the non-static solutions (|14aP and (|15aP found in the preceding section. First we 
represent them in the following unified form: 



ds^ = a^t) [-Adt"^ + A-^dr"^ + Br'^dO?] 



where 



a{t) 



_ / |at|2V(i-2A)^ if A^ 1/2, 
e-^*, if A = 1/2, 



(28) 



(29) 



and functions A{r) and B{r) are defined by the corresponding static solutions pa|) . (|4a|) . or ((5a|) . representing 
the Class I, II, or III, respectively. Note that in the limit r ^ 00 both A \ and B ^ 1 for all Classes, and 
so the metric (|28l) describes in the asymptotic r = cx) an homogeneous spatially flat universe: 

(30) 
(31) 



ds^ = a^{t) [-dt^ + dr^ + r^dVi^] 
Using the proper time T = ± / a{t)dt gives 

ds^ = -rfT^ + b^{T) [dr^ + r^dfl^] 
with 



6(T) = 



crT, if A = 1/2, 



1 - 2A 



, if A 7^ 1/2, |A| < C50, 
if |A| ^ 00. 



(32) 



^ Notice also that the equation II27I I coincides with the it-component of Einstein's equations. 
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The metric (I5T|) explicitly describes an expanding universe with the scale factor b{T). Defining the acceler- 
ation parameter f3 — bb/r we find 

^ = ^. (33) 

The parameter /3 is negative for A g (0, and so, in this case, the universe is expanding with deceleration, 
and P is positive for A € (— oo, 0) U (^, oo), that is, the universe is expanding with acceleration. 

Further let us focus on the case of particular interest, i.e. nonstatic wormholes. In this case A < —1/2, 
and the solution is given by formulas and ([5]). Taking into account the relation ro = m|l + 2A|^/^, we 
can represent the nonstatic wormhole metric as follows 



„2 



where t e (— oo,0), r e (—00,00), and u(r) = ^ |^arctan-^ — . The corresponding solution for the scalar 
field now reads 



mlnlcr^l 

u[r) 



(35) 



and the potential V{(f)) = Vqc '^'^ = W{t,r) takes the following form: 



= (2^1,2)2 ^ -2™ ( u{r) + ^^-^ ) [ . (36) 



The solution (j34p . (j35p depends on three parameters rn, rg, and cr. Depending on a value of m it will be 
convenient to consider separately different cases: 

A. m = 0. In this case the solution ([M]) . (I^S)) takes the especially simple form: 

ds^ = \crt\-^{-dt^ + dr^ + (r^ + r^) df]^}, (37) 



(/.(r) = V2rou{r). (38) 

Note that in this case the scalar field (j> does not depend on the time coordinate t, though the metric ([57]) is 
non-static. The potential ([55)1 becomes to be constant: 

W{r,T) = 3a^, (39) 

and corresponds, in fact, to the positive cosmological constant A = 3cr^ in the action ([T|). Using the proper 
time T: 

- aT = lii\(7t\, (40) 

yields 

ds^ = -dT^ + e2-r[rf^2 _^ (^2 ^ ^2) ^f^2]^ (41) 

It is easy to see that at each moment of time the metric (1411) coincides asymptotically (i.e. in the limit r 
±00) with the de Sitter one, and an intermediate region represents a throat connecting these asymptotically 
de Sitter regions. Thus, the spacetime (|4ip is a wormhole joining two de Sitter universes. The instant radius 
of the throat is equal to the minimal radius of two-dimensional sphere, rth = e'^^rg; we see that it grows 
exponentially with time. Let us calculate now the scalar curvature: 

o„2 -2tTT 

(r2 + r2)2 ^ ^ 

In the limit r — > ±00 as well as in the limit T ^ 00 the scalar curvature has the De-Sitter value Rds = l^a"^, 
while at T = — 00 the scalar curvature is singular. This singularity has a clear geometrical interpretation. 
Namely, at each moment of time the throat is represented as the 2D sphere of minimal radius. In the limit 
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T — > —oo the radius of sphere vth = e'^-^rg tends to zero, the curvature of sphere goes to infinity, and the 
corresponding spacetime scalar curvature R becomes to be singular. 

It is worth also noting that a metric of the kind of ([1T|) was first introduced a priori by Roman [33] , who 
explored the possibility that inflation might provide a mechanism for the enlargement of submicroscopic, 
i.e., Planck scale wormholes to macroscopic size. 

B. m > 0. In this case the solution is described by the general formulas ([Ml) . ([55]) . Introducing the proper 
time coordinate by the relation: 

\(jt\'^^^o =\aT\~^ , (43) 
where = ^2 + a and C = 1 + we can rewrite the metric (IMl) in the following form 

ds^ = _g2m«(r)^y2 _^ |^2.|-2C g-2mu(r) j^^2 ^ (^2 _^ rl)dn\ (44) 

In two asymptotical regions r — > ±00 the last metric describes homogeneous spatially flat universes:* 

with the scale factor a{T) — \dT\^'^ and the scalar curvature 

6C(2C + 1) 



R 



y2 



The corresponding Hubble parameter H — d/a is equal to C|T| ^, and the acceleration parameter /3 = da/b? 
is 

_ C+ 1 _ 2m^ + rl 

hence the universes are expanding with an acceleration into a "final" singularity at T = 0_ . The intermediate 
region —00 < r < 00 represents a wormhole connecting two universes. The instant radius of the wormhole's 
throat is equal to the minimal radius of two-dimensional sphere that is achieved at r — m and equal to 
rth = |aT|~^^e~™"^™''(TO^ + Tq)^/^. It is seen that the throat radius grows according to the power law in 
the course of time. 



V. STABILITY ANALYSIS 

The stability of static wormholes supported by phantom scalar fields was investigated in the literature 
0, [3 ■ It was shown that such the wormholes turn out to be stable against linear spherically symmetric 
perturbations. 

In this section we will study small (linear) spherically symmetric perturbations of the non-static wormhole 
solution obtained above. For this aim we consider the field perturbation (j) ^ (f) + 5(j) and the perturbed 
metric 

ds^ = \at\~^^^ [-e2"('')(l + 6j)dt^ + e-2"('-)(i + Sa)dr^ + e-2"('-)(i + sp){r^ + rl)dn^] , (46) 

where the perturbations (50, Sa, 5(3, and 5^ are functions of t and r. In perturbation analysis there is the 
so-called gauge freedom, i.e. that of choosing the frame of reference and the coordinates of the perturbed 
space-time. Let us choose the following gauge: 

^±ll. e^^i^^drhSa + 25P + 6^)="^ d,{Sa + 25/3 - ^7) + ^^^l^"^^' + ^^^p Sj. (47) 
+ Tq t t^(2m^-frg) 



^ In order to obtain Eq. I|45| l in the region r — + —00 one should take into account that e^™"'' ' — > 1 at r — > 00, and 
g2mu{r) g27rm/ro g^^- j, _oo, and make an appropriate rescaling. 
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In this and only in this case the scalar equation (j2bp for 50 decouples from the other perturbation equations 
and reads 



„4«(r) 



2r 



Separating the variables in Eq. 



t{2m? + ro) 
e^(t)$^(r), yields 
2r$', 



i2(2m2 +r2)2 



+ cj2e-4«$^ = 0, 



(48) 



(49) 



and 



2(m2 + r§) 
i(2m2 + To) 



<2(2m2 + r^) 



2\2 



= 0, 



(50) 



where cj^ is the constant of separation. The equation (|49p describes a spatial distribution of perturbations. 
Its asymptotical solution is 



cos(a;r) 



(51) 



and 



(52) 



where uj = e'^^"^^'^''uj. In case uj^ < the perturbations ([5T|) and ([5^ diverge at |r| — 00, and so this case 
is unphysical. Therefore, we will analyze the equation (j50[) . which describes an evolution of perturbations, 
assuming that > 0. A general solution of Eq. ([50)1 reads 



- l^l=^^^^[i5in(c.|t|) + i?2J,(a;|t|)], 



where J^, Y^, are Bessel functions, Z^i, D2 are constants of integrations, and 



3(4m2 + r2)(4m2 + 3r2) 



-,1/2 



4(2TO2+r2)2 



(53) 



(54) 



Consider the behavior of Quj{t) in the limit t ^ 0.^ Taking into account that near zero J,^{z) ^ \z\'^ and 
Y^{z) - Iz]-" (see (H) we find 



where 



Arn? + 3r2 
2(2m2 + r2) 



4m2 + 3rg 
2(2m2 +r2) 



1± 



'3(4m2 + ^2) 
4rn2 ^_ 37-2 



(55) 



(56) 



It is seen that z/_ is negative, hence Qui{t) behaves near zero as Iwi^^. Therefore the ratio 54>/(j), where the 
non-perturbed solution cj) is given by p5p . is diverging at i = 0. Physically this means that linear scalar field 
fluctuations are infinitely growing in the course of time. In turn, this means that the considered configuration 
is unstable against linear spherically symmetric perturbations. 



^ Let us remind ourselves that t G (— oo,0), so that the "arrow of time" is directed from —00 to 0, and t = corresponds to 
the distant future. 



VI. CONCLUSIONS 



In this paper we have obtained exact non-static sphericaUy symmetric solutions in the theory of gravity 
with the scalar field possessing the exponential potential. The solution of particular interest corresponds 
to the scalar field with negative kinetic energy, i.e. the ghost, and represents two asymptotically homogeneous 
spatially flat universes connected by a throat. In the other words, one may interpret such the spacetime 
as a wormhole in cosmological setting. It is important to notice that both the universes and the throat 
of the wormhole are simultaneously expanding with acceleration. The character of expansion qualitatively 
depends on the wormhole's mass parameter m. In case m = the expansion goes exponentially, so that the 
corresponding spacetime configuration, given by the metric (j4ip . represents two de Sitter universes joining 
by the throat. In case m > the expansion has the power character, so that the metric (jH]) describes 
now the inflating wormhole connecting two homogeneous spatially flat universes expanding according to the 
power law into the final singularity. 

The stability analysis of the non-static wormholes has revealed their instability against linear spherically 
symmetric perturbations. This result is especially interesting in comparison with the fact that static phantom 
wormholes are stable in this case (see [Hill). Thus, one may suppose that the time dependence makes 
phantom wormholes to be unstable. 
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Appendix 



In the static spherically symmetric case (f> — (j}{r) and the spacetime metric can be taken as 

ds^ ^ ~Adt^ + A-^dr^ + Br^{de^ + sin^ 0d(l)^), (57) 
where A and B are two unknown functions of r. The system of equations ^ gets now the following form: 











A" 


A'B' 


2A' 










T + 


AB + 


rA 


A" 


B" 


2B' 


A'B' 


A' 




^2A ^ 


B 




7b " 


2AB 


rA ^ 


252 


A'B' 


2A' 


B" 


AB' 


2 


^ 2 


AB ' 


- —r -f 
rA 




'Vb " 


r'^AB 










(A' 


B' 








e 




Ha 






= 



0, 


(58) 




(59) 


0, 


(60) 



and 



where a prime means the derivative with respect to r. By integrating the equation (|58p we find 



B 



r-^A'' 



(61) 



(62) 



where 6o is a constant of integration. Also, taking into account Eq. ([58)) . we can integrate the field equation 
(|6ip . As a result we obtain cj) — (j)i -\- (j)QhiA, where <f>Q and 0i are two constants of integration. Without 
loss of generality we can put (t)i — Q, since the action ^ is invariant with respect to the shift (j) ^ (p + 
Now we have 



Ao In A. 



(63) 



The relations (|62p and (|63|) demonstrate to us that 0(r) and B{r) are expressed via A{r). To obtain an 
equation for A we substitute Eqs. ([5^ . ([55]) into ([55)1 and find after some algebra 
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where A = e0Q is a new parameter with values lying in the interval (—00, 00) depending on e and (j>Q. Note 
that 00 = l-^r^^j and hence = |A|^/^ln^. A general solution of Eq. (|64|) reads 



A(r) = exp < , arctanh 
\VTT2X 



Ci{r + C2) 



2Vl + 2A 



+ ^^3 , (65) 



where Ci, C2, and C3 are constants of integration. To analyze the obtained solution it will be more convenient 
to separate three cases depending on values of A. Namely, 

Case I. A > —1/2. In this case the solution ((65|) reduces to 

Air)=AJl- 2™ 



S{r — ri) 

where (5 = (1 + 2A)^^/^, and Ai, to, and ri are arbitrary constants. By making an appropriate rescaling of 
coordinates t and r we can put Ai = 1 and ri = 0, so that A = {1 — 2m/5rY . Now from Eq. ([S^ we obtain 
B = (6o/2to)(1 — 2m/ 8rY~^ . The value of 60 is not free. To fix it we should substitute A{r) and B[r) into 
Eq. ([50)1 . This yields 60 = 2to. Remembering that = |A|^/^ In A we come, finally, to the following result: 



' (l + 2A)i/2 \^ 5r 

where (5 = (1 + 2A)^^/^. Note that the solution in the form has been given by Buchdahl [2^. 
Case II. A = —1/2. In this case the solution ([55)1 reads 

A{r) = Aie-2™/('-^i)^ 

where Ai, to, and ri are arbitrary constants. An appropriate rescaling coordinates t and r yields A — e^^™/*". 
The functions B{r) and 4'{r) are found in the same way as above. Finally, we obtain 

ds^ = -e-2m/r^^2 ^ g2m/r j^^2 ^ ^2(^^2 gj^2 g,^^2)]^ (gy^^) 

</.(r) = -x/2-. (67b) 



First this solution has been exhibited by Yilmaz [2J] . 

Case III. A < —1/2. In this case the solution takes the following form: 

... . I - i'r — ri 

A{r) = Ai exp < . arctan 



|l + 2A|i/2 ^ 

where Ai, ro, and ri are arbitrary constants. Analogously to the previous cases, appropriate rescaling 
coordinates t and r yields Ai — exp(— TO7r/2ro) and ri = 0, so that A{r) = e^™"!'")^ where we have denoted 
u{r) = (l/ro)[arctan(r/ro) — 7r/2], and m/ra = |1 + 2A|^-'^/^. Now we find B{r) and 0(r) and come to the 
solution 

ds2 ^ _g2mu(,.)^^2 ^ g-2mu(r)j^^2 ^ ^^2 ^ ^2) ^^^2 ^ g-^2 ^^^2^j^ (gg^^) 



2|A|i/2 
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